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3.1 Basic Definitions and Applications




Undirected Graphs

Undirected graph. 6 = (V, E)
« V = nodes.
. E = edges between pairs of nodes.
m Captures pairwise relationship between objects.
. Graph size parameters: n= |V|, m = |E|.

‘ V={1,2,3,4,56,7,8}
(2 )—3) E={12,1-3,2-3,2-4,2-5,3-5,3-7, 3-8,
.' 4-5,5-6, 7-8)
()—) (&) |n=8
m=11




Some Graph Applications




World Wide Web

Web graph.
- Node: web page.
. Edge: hyperlink from one page to another.

cnn.com

netscape.com <«—— novell.com chnsi.com timewarner.com —

hbo.com «—

sorpranos.com —



9-11 Terrorist Network
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Ecological Food Web

Food web graph.
» Node = species.
. Edge = from prey to predator.
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(1) Inheritance Networks  (2) Trust Networks

lllustration of Knowledge Representation and Reasoning:
Relating Semantics to Data Structures and Algorithms

The Semantics of Inheritance Networks (Ph.D. Dissertation)

Trust Management : Multimodal Data Perspective.
(71K views as of 9/2022)



https://bit.ly/3Beqsio

Semantics of Inheritance
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Semantics of Inheritance

* |SA-relationship is well-known.

— E.g., Carl Linnaeus (1707-1778), Father of
Taxonomy, published classification and binomial
nomenclature for plant and animal kingdom

around 1750.
* But not necessarily well-understood, in the
general case.

+ The utility of a notion testifies not to its clarity
but rather to the philosophical importance of
clarifying it.

-- Nelson Goodman (Fact, Fiction and Forecast, 1955)
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* |nitially, knowledge-representation systems
used tree-structured ISA hierarchies

* Object-Oriented Programming Languages such
as Java use tree-structured class hierarchies

=> Inheritance relationship can be computed
using path-reachability algorithm
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* Tree-structured ISA hierarchies can be
generalized in two different directions

— Enhance expressive power using multiple
inheritance of classes (DAGSs)

=> [nheritance relationship can be computed using
path-reachability algorithm

— Enhance expressive power using exceptions

=> Inheritance relationship can be computed using
“shortest path” algorithm (reachability inadequate)

12
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Inheritance Hierarchy with Exceptions
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Nixon Diamond :
Multiple Inheritance + Exceptions

Pacifist

I}

Quaker Republican

Nixon
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* |Inheritance Networks supporting
(1) both multiple inheritance and exception OR
(2) With redundant links
—Invalidate “shortest path” inheritance algorithm
—>Motivates fresh look at semantic issues

* Property-flow ( ) view and individual-
flow ( ) view diverge.

e Locality property (

)
destroyed.

 Ambiguity: Multiple meanings (models) possible

15
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Current State of
Non-monotonic Inheritance

There is no consensus on the semantics of
inheritance (in the general case) because the
‘common-sense’ meaning associated with an
inheritance network cannot be captured
adequately by the topology of the network.

=> Expressive extensions to inheritance
networks (via coloring and in-link/path ordering)
are needed to represent knowledge adequately
(e.g., by incorporating latent context for node
labels). This is the foundation for developing
correct (that is, respecting semantics) and
efficient reasoning algorithms.
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Semantics of Trust

IGHT STA%‘E Oh' conters of
IVERSITY KNO.E.SIS 10 Excellence
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Example Trust Network -
Different Trust Links with Local Order on out-links

e Alice trusts Bob for recommending good car
mechanic.

* Bob trusts Dave to be a good car mechanic.

* Charlie does not trust Dave to be a good car
mechanic.

e Alice trusts Bob more than Charlie, for
recommending good car mechanic.

 Alice trusts Charlie more than Bob, for
recommending good baby sitter.
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Illustration of Knowledge Representation
and Reasoning

* Abstract and encode clearly delineated
“subarea’ of knowledge in a formal language.

— Trust Networks => node-labeled, edge-labeled
directed graph (DATA STRUCTURES)

* Specify the meaning in terms of how “network
elements’ relate to or compose with each other.

— Semantics of Trust, Trust Metrics => using logic or
probabilistic basis, constraints, etc. (SEMANTICS)

* Develop efficient graph-based procedures

— Trust value determination/querying (INFERENCE
ALGORITHMS)

5/23/2011 Trust Networks: T. K. Prasad 20



Probabilistic Graphical Models (PGM)
Framework

(i) Use probability theory as the foundation to
formalize knowledge and inferences, and

(ii)) Design data structures and algorithms to efficiently
encode and manipulate probability distributions

over high-dimensional spaces.
(iii) Construction of PGMs requires both human

knowledge and machine learning techniques.

(iv) Application domains include: web search, medical
and fault diagnosis, image understanding, speech
recognition, and natural language processing.

5/23/2011 Trust Networks: T. K. Prasad 22



Graph Representation: Adjacency Matrix

Adjacency matrix. n-by-n matrix with

Ay = 1iff (u, v) is an edge.
. Two entries for each edge.
. Space proportional to n®.

. Checking if (u, v) is an edge takes ©(1) time.

. Identifying all edges takes ©(n?) time.

G a 12345678
1101100000

‘ 2l1 0111000
@ a 3]111 001011
' 4101001000
‘ 501110100
@ ° @ 6/0 0001000
7100100001

a g8lo0o100010
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Graph Representation: Adjacency List

Adjacency list. Node indexed array of lists.

- Two entries for each edge. degree:number of neighbors of u
- Space proportional tom + n.
. Checking if (u, v) is an edge takes O(deg(u)) time.
Iden‘rlfymg all edges takes ®(m + n) time.

ONNG
-
(4
S
(

0o N o0 O DA W N -
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Paths and Connectivity

Def. A path in an undirected graph G = (V, E) is a sequence P of
nodes vy, vy, ..., Vk.1, Vk With the property that each consecutive
pair v;, vi.; is joined by an edge in E.

Def. A path is simple if all nodes are distinct.

Def. An undirected graph is connected if, for every pair of
nodes u and v, there is a path between u and v.

ey
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Cycles

Def. A cycle is a path vy, va, ..., Vi1, Vi in
which vy = v, k> 2, and the first k-1 nodes are

all distinct.
(1) ()

S

cycle € = 1-2-4-5-3-1



Trees

Def. Anundirected graph is a tree if it is connected and does
not contain a cycle.

Theorem. Let G be an undirected graph on n nodes. Any two of
the following statements imply the third.

« G is connected.

« G does not contain a cycle.

« G has n-1 edges.

27



Rooted Trees

Rooted tree. Given a tree T, choose a root node r

and orient each edge away from r.

Importance. Models hierarchical structure.

° e G @ e e child of v

a tree the same tree, rooted at 1

28



Phylogeny Trees

Phylogeny trees. Describe evolutionary history of species.

gut bacteria
trees
mushrooms
fish

mammals
birds
dragonflies

beetles

29



GUI Containment Hierarchy

GUT containment hierarchy. Describe organization of GUI widgets.

| JPanel (custom content pane) I

JFrame JPanel JPanel

JPanel {ConversionPanel) {ConversionPanel)
JTextField

157 ider

JPanel | JComboBox I | JComboBox I JPanel

JPanel JcomboBox ‘@uaom)l |muaom}I
ITextField

157 ider

JS11der JTextF1e1d JTextF1e1d | J511der I
{DecimalField) {DecimalField)
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3.2 Graph Traversal




Connectivity

s-t connectivity problem. Given two nodes s and t, is
there a path between s and 1?

s-t shortest path problem. Given two nodes s and t,
what is the length of the shortest path between s
and 1?

Applications.

= Maze traversal.

. Garbage collection algorithms. OO
. Erdés number 0‘9‘
. Kevin Bacon number. G‘! 0

. Fewest number of hops
in a communication network. (6)
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Breadth First Search

BFS intuition. Explore outward from s in all possible directions, adding
nodes one "layer" at a time.

BFS algorithm.
= Lo= { ) }
- Ly = all neighbors of Lo.
« L2 = all nodes that do not belong to Lo or L;, and that have an edge
to a node in L.
« Li.1 = all nodes that do not belong to an earlier layer, and that have
an edge to a node in L;.

Theorem. For each i, L; consists of all nodes at distance exactly i
from s. There is a path from s to t /£t appears in some layer.

33



Breadth First Search

Property. Let T be a BFS tree of 6 = (V, E), and let (x, y) be an edge of
G. Then the level of x and y differ by at most 1.

34



Breadth First Search

BFS(s):
Set Discovered[s] = true and Discovered[v] = false for all other v
Initialize L[0] to consist of the single element s
Set the layer counter (=0
Set the current BFS tree T =1/
While L[i] is not empty
Initialize an empty list L[i+ 1]
For each node u € LI[i]
Consider each edge (u,v) incident to u
If Discovered[v] = false then
Set Discovered[v] = true

Add edge (u,v) to the tree T
Add v to the list L[i+ 1]

Endif

Endfor
Increment the layer counter i by one

Endwhile

35



Breadth First Search: Analysis

Theorem. The above implementation of BFS runs in O(m + n) time if
the graph is given by its adjacency list representation.

Pf.

« Actually, runs in O(m + n) time:
- when we consider node u, there are deg(u) incident edges (u, v)
- total time for processing edges is X .y deg(u) = 2m

each edge (u, v) is counted exactly twice
in sum: once in deg(u) and once in deg(v)

36



Depth First Search

DFS(s):
Initialize S to be a stack with one element s
While S is not empty
Take a node u from S
If Explored[u] = false then
Set Explored[u] = true
For each edge (u,v) incident to u
Add v to the stack S
Endfor
Endif
Endwhile

37



Connected Component

Connected component. Find all nodes reachable from s.

Connected component containingnode 1={1,2,3,4,5,6,7,8}.

38



Flood Fill

Flood fill. Given lime green pixel in an image, change color of entire

blob of neighboring lime pixels to blue.
- Node: pixel.
. Edge: two neighboring lime pixels.

= Blob: connected component of lime pixels.

recolor lime green blob to blue

Thick * Thin

860 Tux Paint

7y i

aint | Stamp RaintrpngpéVrkles

Z . @ 1 *

L}ngs Shapes Mirrof Flp

Abc o —

Text ~\Magi Blur 'Blocks

for) /4 ‘o ¢

Uhq«; Redo Negative| Fade

f .\“«g, ';,. ‘.. N .

Eraser New Qha]k Drip

(=olans - — ¢
ve

€oo3® )
%Blue.
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Flood Fill

Flood fill. Given lime green pixel in an image, change color of entire
blob of neighboring lime pixels to blue.

- Node: pixel.

. Edge: two neighboring lime pixels.

« Blob: connected component of lime pixels.

recolor lime green blob to blue

e 60 Tux Paint
fTools) ﬁagl
F/ =5 o
aint  Stamp RalnbowS;z';rkles
bk o 1 °
Lines 'Shapes Mirror * Flip
o
Abc — N
Text \Magic Blur " Blocks
& /5 435, - e
Undo Redb Neé;;llve Fade
20 0 = ¢
Eraser ' New Chalk * Drip
pen Thick * Th

ave
é Quit /

A
€ood™ [ A
ﬁ Click in the picture to fill that area with color.
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Connected Component

Connected component. Find all nodes reachable from s.

R will consist of nodes to which s has a path

Initially R={s}

While there is an edge (u,v) where ueR and v ¢R
Add v to R

Endwhile .
it's safe to add v

Theorem. Upon termination, R is the connected component containing s.

. BFS = explore in order of distance from s.
. DFS =explore in a different way.
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3.4 Testing Bipartiteness




Bipartite Graphs

Def. Anundirected graph G = (V, E) is bipartite if the nodes can be
colored red or blue such that every edge has one red and one blue end.

Applications.

. Stable marriage: men = red, women = blue.
« Scheduling: machines = red, jobs = blue.

a bipartite graph

43



Testing Bipartiteness

Testing bipartiteness. Given a graph G, is it bipartite?

a bipartite graph 6 another drawing of G

44



An Obstruction to Bipartiteness

Lemma. If agraph G is bipartite, then it cannot contain an odd
length cycle.

Contrapositive Statement. If a graph G contains an odd length
cycle, then it cannot be bipartite.

Pf. Not possible to 2-color an odd cycle, let alone 6.

bipartite not bipartite
(2-colorable) (not 2-colorable)

45



Bipartite Graphs

Lemma. Let G be a connected graph, and let Lo, ..., Lk be the layers
produced by BFS starting at node s. Exactly one of the following holds.
(i) No edge of G joins two nodes of the same layer, and G is bipartite.
(ii) Anedge of G joins two nodes of the same layer, and G contains an
odd-length cycle (and hence is not bipartite).

~ O O O
Ll L2 L3 L1 L2 L3
Case (i) Case (ii)
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Bipartite Graphs

Lemma. Let G be a connected graph, and let Lo, ..., Lk be the layers

produced by BFS starting at node s. Exactly one of the following holds.
(i) No edge of G joins two nodes of the same layer, and G is bipartite.

(ii) Anedge of G joins two nodes of the same layer, and G contains an
odd-length cycle (and hence is not bipartite).

Pf. (i)
« Suppose no edge joins two nodes in the same layer.
« By previous lemma about BFS property, this implies all edges join
nodes on adjacent levels.

« Bipartition: red = nodes on odd levels, blue = nodes on even levels.

L1 L2 L3

Case (i)
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Bipartite Graphs

Lemma. Let G be a connected graph, and let Lo, ..., Lk be the layers

produced by BFS starting at node s. Exactly one of the following holds.
(i) No edge of G joins two nodes of the same layer, and G is bipartite.

(ii) Anedge of G joins two nodes of the same layer, and G contains an
odd-length cycle (and hence is not bipartite).

Pf. (i)
- Suppose (x,y) is an edge with x, y in same level L;.
« Let z=lca(x, y) = lowest common ancestor.
« Let L; be level containing z.
. Consider cycle that takes edge from x toy,
then path from y to z, then path from z to x.

« Ifslengthis 1 + (j-i) + (j-i), whichis odd. -
e

(x,y) path from path from
y to z Z to x

48



Obstruction to Bipartiteness

Corollary. A graph G is bipartite iff
it contains no odd length cycle.

Proof. Note that (i) and (ii) in the previous lemma
correspond to mutually exclusive (disjoint) and
collectively exhaustive cases.

«— b5-cycle C

bipartite not bipartite
(2-colorable) (not 2-colorable)

49



3.5 Connectivity in Directed Graphs




Directed Graphs

Directed graph. 6 = (V, E)
. Edge (u, v) goes from node u to node v.

Ex. Web graph - hyperlink points from one web page

to another.

. Directedness of graph is crucial.

. Modern web search engines exploit hyperlink
structure to rank web pages by importance.

51



Graph Search

Directed reachability. Given a node s, find all
nodes reachable from s.

Directed s-t shortest path ﬁroblem. Given
two nodes s and 1, what is the length of the
shortest path between s and 1?

Graph search. BFS extends naturally to
directed graphs.

Web crawler. Start from web Rage s. Find
all web pages linked from s, either directly or
indirectly.



DFS based edges for directed graph :

Classification of edges

\\ Tree edge

\, Back edge
\, Forward edgx
\, Cross edge




Strong Connectivity

Def. Nodes u and v are mutually reachable if there is a path
from u to v and also a path from v to u.

Def. A graph is strongly connected if every pair of nodes is
mutually reachable.

Lemma. Let s be any node. G is strongly connected iff every
node is reachable from s, and s is reachable from every node.

Pf. — Follows from definition where one node is fixed to s.

Pf. < Path from u to v: concatenate u-s path with s-v path.
Path from v to u: concatenate v-s path with s-u path.

Ny

ok if paths overlap
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Strong Connectivity

Let G be the graph obtained by reversing
all the edges of G.

Claim: A node has a path from s in G (resp.
") if and only if it has a path to s in G
(resp. G).

Claim: Two nodes u and v are mutually

reachable if and only if v is reachable from
uin both G and G".



Theorem. Can determine if G is strongly connected in O(m + n) time.
Pf.

Strong Connectivity: Algorithm

Pick any node s.

Run BFS fr‘om S in G _ reverse orientation of every edge in G

Run BFS from s in Gre.

Return true iff all nodes reached in both BFS executions.

Correctness follows immediately from previous lemma and claims.

N\ N\

strongly connected not strongly connected
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3.6 DAGs and Topological Ordering




Directed Acyclic Graphs

Def. A DAG is a directed graph that contains no directed cycles.
Ex. Precedence constraints: edge (v, v;) means v; must precede v;.

Def. A topological order of a directed graph G = (V, E) is an ordering
of its nodes as vy, v, ..., v, So that for every edge (v;, v;) we have i < j.

a DAG a topological ordering

58



Precedence Constraints

Precedence constraints. Edge (v;, v;) means task v;
must occur before task v;.
Applications.
. Course prerequisite graph:

course v; must be taken before v;.
« Compilation:

module v; must be compiled before v;.
. Pipeline of computing jobs:

output of job v; needed to determine input of job v;.

59



Directed Acyclic Graphs

Lemma. If G has a topological order, then G is a DAG.

Pf. (by contradiction)

Suppose that G has a topological order vy, ..., v, and that G also has a
directed cycle C. Let's see what happens.

Let vi be the lowest-indexed node in C, and let v; be the node just
before v;; thus (v, vi) is an edge.

By our choice of i, we have i < j.

On the other hand, since (vj, v;) is an edge and vy, ..., v, is a
topological order, we must have j < i, a contradiction.

the directed cycle C

@QM ¢ %DQ@

the supposed topological order: v, .
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Directed Acyclic Graphs

Lemma. If G has a topological order, then G
s a DAG.

Q. Does every DAG have a topological

ordering?

Q. If so, how do we compute one?



Directed Acyclic Graphs

Lemma. If GisaDAG, then G has a node with no incoming edges.

Pf. (by contradiction)

Suppose that G is a DAG and every node has at least one incoming
edge. Let's see what happens.

Pick any node v, and begin following edges backward from v. Since v
has at least one incoming edge (u, v) we can walk backward to u.
Then, since u has at least one incoming edge (x, u), we can walk
backward to x.

Repeat until we visit a node, say w, twice.

Let C denote the sequence of nodes encountered between
successive visits tow. Cis a cycle.
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Directed Acyclic Graphs

Lemma. If GisaDAG, then G has a topological ordering.

Pf. (by induction on n, the number of nodes in the DAG) D>

Base case: trueif n=1.

Given DAG on n > 1 nodes, find a node v with no incoming edges.

G - {v}isaDAG, since deleting v cannot create cycles.

By inductive hypothesis, G - { v } has a topological ordering.

Place v first in topological ordering; then append nodes of G - { v }
in topological order. This is valid since v has no incoming edges.

To compute a topological ordering of G:

. : : . e DAG
Find a node v with no incoming edges and order it first
Delete v from G -
Recursively compute a topological ordering of G—{v} zi}:?

and append this order after v
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Topological Sorting Algorithm: Running Time

Theorem. Algorithm finds a topological order in O(m + n) time.
Pf.
« Maintain the following information:
- count [w] = remaining number of incoming edges
- S = set of remaining nodes with no incoming edges
« Initialization: O(m + n) via single scan through graph.
« Update: to delete a node (v) that has no incoming edges
- remove v from S
- decrement count [w] for all edges from v to w, and add w
to S if count[w] hits O
- this is O(1) per edge
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